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This comment is dedicated to the investigation of many-body localization in a quantum Ising
model with long-range power law interactions, r−α, relevant for a variety of systems ranging from
electrons in Anderson insulators to spin excitations in chains of cold atoms. It has been earlier
argued [1, 2] that this model obeys the dimensional constraint suggesting the delocalization of all
finite temperature states in thermodynamic limit for α ≤ 2d in a d-dimensional system. This
expectation conflicts with the recent numerical studies of the specific interacting spin model in Ref.
[3]. To resolve this controversy we reexamine the model of Ref. [3] and demonstrate that the infinite
temperature states there obey the dimensional constraint. The earlier developed scaling theory for
the critical system size required for delocalization [2] is extended to small exponents 0 ≤ α ≤ d.
Disagreements between two works are explained by the non-standard selection of investigated states
in the ordered phase and misinterpretation of the localization-delocalization transition in Ref. [3].
PACS numbers: 73.23.-b 72.70.+m 71.55.Jv 73.61.Jc 73.50.-h 73.50.Td
I. INTRODUCTION
The many-body localization (MBL) transition sepa-
rates two distinguishable thermodynamic behaviors. The
delocalized system acts as a thermal bath for each small
part of it [4, 5] while in the localized system its different
parts are approximately independent and can be charac-
terized by related local integrals of motion [6]. Recent ex-
perimental investigations of many-body localization [7, 8]
are carried out in systems of interacting spins coupled by
the long-range interaction decreasing with distance ac-
cording to power law U(r) ∝ r−α. The interaction expo-
nent α can be modified experimentally [9, 10] and it is
important to understand the effect of power-law interac-
tions on localization.
According to the previous work of one of the authors
(with coworkers) [1, 11] (see also more recent work, Refs.
[2, 10, 12, 13]) the MBL problem in systems with power
law interactions is subject to a dimensional constraint.
This constraint suggests that localization is not possible
in the thermodynamic limit of an infinite system at a
finite temperature if the interaction decreases with the
distance slower than 1/r2d (where d is a system’s dimen-
sion in the case of mixed Ising-Heisenberg interactions).
Dimensional constraints have been derived assuming that
α ≥ d to avoid the single-particle delocalization.
However, recently a disagreement with this dimen-
sional constraint has been reported in Ref. [3] for the
quantum Ising model with the long-range interactions
for α = 0.5, 1 and 1.5. In this paper the spin chain of N
spins described by the Hamiltonian
Ĥ = J
∑
1≤i<j≤L
(1 + hihj)
|j − i|α σ
z
i σ
z
j +B
L∑
i=1
σxi (1)
has been investigated, where spins are represented by
Pauli matrices σ and disorder is introduced using ran-
dom parameters hi uncorrelated in different sites i and
uniformly distributed within the domain (−W,W ) while
the parameter W describes the effective disorder. In all
studies the transverse field, B, has been set to 0.6J .
The localization transition has been investigated in
Ref. [3] using level statistics and entanglement entropy.
The level statistics have been characterized using the av-
eraged ratio of successive gaps, < r >, defined as [14]
< r >=
〈
min(δn, δn+1)
max(δn, δn+1)
〉
, (2)
where δn = En+1 − En is the energy difference of adja-
cent energy levels of the system, Eq. (1), obtained by
means of exact diagonalization. According to Ref. [14]
in the delocalized regime characterized by Wigner-Dyson
statistics one has < r >≈ 0.5307 while in the case of lo-
calization where the Poisson statistics is expected one
has < r >≈ 0.3863. The consideration has been lim-
ited to the eigenstates with energies close to the mid-
dle energy between the minimum and maximum energies
Emiddle = (Emin + Emax)/2 represented by the dimen-
sionless parameter (see Ref. [3] for detail)
ǫ =
E − Emin
Emax − Emin ≈
59
120
. (3)
Based on the analysis of the level statistics parameter
< r > at ǫ ≈ 59/120 the authors found the localiza-
tion at any disordering W for the smallest interaction
exponents α = 1/2, 1 and size-independent localization-
delocalization transition for α = 1.5 in contrast to the
earlier suggested dimensional constraint [1]. The results
for α = 0.5 have been found consistent with the earlier
work [15] where localization was observed in a different
model of interacting spins with the power-law interaction
1/r0.5.
Since systems with long-range interactions are of both
acute fundamental and and experimental [7, 8] inter-
est due to the ubiquity of charge, dipole, magnetic and
elastic forces [1, 11], it is important to understand and
2interpret the conflict between the qualitative analysis
[1, 2, 10–12] leading to the aforementioned dimensional
constraint and the numerical results of Ref. [3]. The con-
sideration of the earlier work [2] has been limited to the
interaction exponents α ≥ d and its extension to smaller
exponents 0 ≤ α < d is another problem of interest.
These problems are investigated in the present work.
Below we show that the discrepancy between two ap-
proaches originates from the specifics of the model, Eq.
(1), considered in Ref. [3] and the associated choice of
the representative energy Emiddle. In the case of α ≤ 1
the maximum eigenstate energy, Emax, for the spin chain
increases superlinearly with the number of spins N . In-
deed, for the ferromagnetic state σzi = 1 or the alter-
native maximum at σzi = sign(hi) this energy scales as
Emax ∝ N2−α for α < 1 or N ln(N) for α = 1, while the
minimum energy scales as |Emin| ∼ N . Consequently, the
energy of the eigenstates investigated in Ref. [3] scales
as E ∼ Emax/2. In the case of small interaction expo-
nents, α ≤ 1, the states with this energy belong to the
ordered phase of the system possessing very small many-
body density of states (see Fig. 6), where delocalization
is substantially suppressed (see Fig. 7, cf. Refs. [16, 17]).
We show that the dimensional constraint remains valid
for the states with energies close to zero corresponding
to infinite temperature even in the model of Ref. [3] in
contrast to the states at energy E ≈ Emiddle.
The dimensional constraint for the states with energies
close to zero (corresponding to infinite temperature) is
investigated in Sec. II where the results of Ref. [15] are
also considered briefly. The analysis of the middle energy
states is performed in Sec. III, whereupon we conclude.
II. ZERO ENERGY STATES (T =∞)
In the infinite temperature limit of the model, Eq. (1)
all spins are assumed to be non-correlated. Then the
consideration of Ref. [17] can be applied to the present
problem. Either strong or weak interaction regimes are
applicable. Then the critical randomness parameter, W ,
should increase to infinity in the thermodynamic limit
N → ∞. Consequently in the limit of interest of large
number of spins, N , one can neglect the unity term com-
pared to the product hihi in the definition of the inter-
action, Eq. (1).
Here we briefly repeat some qualitative arguments
from Ref. [17]. Each spin i is subjected to a longitu-
dinal field Φi =
∑
j Jijσ
z
j , where Jij = Jhihj/|i − j|α.
For fully random spin projections (infinite temperature
limit) the longitudinal field Φi is zero in average and it is
distributed nearly uniformly within the domain (−σ, σ)
where the size of the domain can be estimated as
σ ∼
√∑
j
J2ij ∼

JW 2, if α > d/2,
JW 2
√
ln(N), if α = d/2,
JW 2N1/2−α/d, if α < d/2.
. (4)
The localization-delocalization transition is associated
with resonant spins i satisfying the condition |Φi| < B
and the probability of such resonance can be estimated
as Pres ∼ B/σ. The total number of spin resonances
per state is given by Nres = NPres. According to Ref.
[17] the delocalization transition can be determined by
the condition Nres ln(JN/B) ∼ 1 in the case of strong
interaction, JN = J/N
α > B. It turns out that the
interaction is indeed strong for α < d and the localization
delocalization transition is determined as
1 ∼

N BJW 2
c
ln(N1−α/d), if d > α > d/2,
N BJW 2
c
√
ln(N), if α = d/2,
N1/2+α/d BJW 2
c
ln(N), if α < d/2,
(5)
where the parameter Wc estimates the critical random-
ness corresponding to the localization transition.
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FIG. 1. The level statistics (< r >) vs. disordering W (inset)
or rescaled disordering according to Eq. (5) for interaction
exponent α = 0.5 and different numbers of spins N = 10, 11,
12, 13 and 14.
The case of α ≥ d corresponding to the weak interac-
tion regime has been considered in Ref. [17]. In that case
it has been found in accordance with earlier studies [1]
that the delocalization inevitably takes place in the ther-
modynamic limit for α < 2d and the critical disordering,
Wc at a finite number of spins N is determined as
N2−α/dB ∼ JW 2c . (6)
Both estimates in Eqs. (5) and (6) are valid assuming
Wc ≫ 1 which takes place at a sufficiently large number
of spins (N).
To verify the theoretical predictions, Eqs. (5) and (6),
we analyzed numerically the level statistics performing
exact diagonalization of the Hamiltonian, Eq. (1), for
the states at zero energy, corresponding to the infinite
temperature limit and for numbers of spins 10 ≤ N ≤ 14.
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FIG. 2. The level statistics (< r >) vs. disordering W (inset)
and rescaled disordering for α = 1.
The results are presented in Figs. 1, 2 and 3 for power law
interaction exponents α = 0.5, 1 and 1.5, respectively,
as in Ref. [3]. All results are given for the states of
even parity with respect to the symmetry transformation
σz → −σz of the Hamiltonian 1. The results for the odd
parity are quite similar. All curves are averaged over
1000 realizations of random interactions as in Ref. [3].
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FIG. 3. The level statistics (< r >) vs. disordering W (inset)
and rescaled disordering for α = 1.5.
In all three cases the delocalization clearly takes place
at sufficiently small disordering W where the average ra-
tio parameter has a plateau at < r >≈ 0.53. This con-
trasts with the statements of Ref. [3] for small interac-
tion exponents α = 0.5 and 1 and the reason for this
discrepancy is the difference in the energy of the consid-
ered system states as detailed below in Sec. III. At very
small disordering,W ≤ 0.1, the ratio parameter deviates
from the plateau. This is due to the system reflection
symmetry at W = 0, which breaks Hamiltonian into two
non-interacting blocks having no level repulsions. There
is no localization for W → 0 as was verified by the anal-
ysis of participation ratios of eigenstates, which is com-
parable to the total number of states and does not even
decrease at W → 0 (not shown here).
In all three cases it is expected that the localization
threshold Wc approaches infinity in the thermodynamic
limit (N → ∞) as Wc ∼
√
N ln(N) for α = 0.5,
Wc ∼
√
N for α = 1 and W ∼ N1/4 for α = 1.5 (see
Eqs. (5) and (6)). Indeed, the shifts of the transition
between delocalization (< r >≈ 0.53) and localization
(< r >≈ 0.38) regimes towards larger disordering W is
seen in all three cases (insets in Figs. 1, 2 and 3). To
examine the relevance of the transition point dependence
on size (Eqs. (5) and (6)) we rescaled a disordering as
indicated in x-axes in Figs. 1, 2 and 3 similarly to Ref.
[2]. For small interaction exponents, α = 0.5 and 1, this
rescaling places the transitions to nearly the same curve
confirming the qualitative predictions of Eqs. (5) and
(6). The situation is less conclusive for α = 1.5 possibly
because the dependence Wc ∼ N1/4 is weak and the fi-
nite size effects are significant there for N ≤ 14 (cf. Refs.
[2, 13]).
The results change strongly for the middle-energy
states considered in Ref. [3] as described below in Sec.
III. The localization of all states for α = 0.5 has been
also reported in Ref. [15] in a slightly modified model
compared to Eq. (1) (random transverse fields and non-
random interactions). The preliminary analysis of the
level statistics in the model of Ref. [15] for the states
with nearly zero energy depicted in Fig. 4 indicates the
delocalization of these states for N = 12 for typical trans-
verse fields B ∼ J . In contrast with Ref. [15] we did
not use the Kac prescription [18] since it does not affect
the appearance of delocalization. This result differs from
Ref. [15] possibly because the contribution of the local-
ized states at energies different from zero included in Ref.
[15] and excluded in the present work. The analysis of
the problem in detail will be published separately.
III. MIDDLE ENERGY STATES.
We begin the consideration with the analysis of the
middle energy states with energies Emiddle = (Emax +
Emin)/2 given by the arithmetic average of minimum and
maximum eigenstate energies [3]. The interaction term in
Eq. (1) differs from that in the Sherrington-Kirkpatrick
spin glass model [19], considered in Ref. [17]. In the
Sherrington-Kirkpatrick model different interaction con-
stants do not correlate with each other while their corre-
lations in Eq. (1) are critically important for the defini-
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FIG. 4. The level statistics < r > vs. disordering B in
transverse fields for N = 10 and 12 in the model of Ref.
[15].
tion of the maximum eigenstate energy. Indeed, both
minimum and maximum energies in spin glass model
[19] are proportional to the number of spins [20], possess
opposite signs and approximately equal absolute values
Emin = −Emax. Consequently middle energy states have
energies close to zero, which corresponds to infinite tem-
perature.
The absolute values of the minimum and maximum en-
ergies are different for the model given by Eq. (1). The
maximum energy corresponds to a sort of ferromagnetic
ordering determined as σzi = 1 (or −1) for small disorder-
ing W ≪ 1 or as σzi = sign(hi) (or −sign(hi)) otherwise.
For small interaction exponent α ≤ d the energy of this
state increases with the number of spins superlinearly
as (Emax ∝ N d−αd for α < d or Emax ∝ N ln(N) for
α = d, remember that d stands for a system dimension).
However, the minimum (ground state) energy absolute
value increases with the number of spins only propor-
tionally to this number. This is because the antiferro-
magnetic or spin density wave energy corresponding to
the ground state is determined by negative Fourier trans-
forms of spin-spin interaction that don’t diverge in the
limit of a large number of spins, N [21]. Consequently,
for α ≤ d the middle energy increases superlinearly with
the number of spins as Emiddle ≈ Emax/2. This trend is
illustrated in Fig. 5 for α = 0.5.
For α > d both minimum and maximum energies are
proportional to number of spins yet the maximum en-
ergy increases faster (with larger proportionality coef-
ficient) because nearest-neighbor interactions lead to an
increase in antiferromagnetic ground state energies. Con-
sequently, the middle energy increases proportionally to
the number of spins as shown in Fig. 5 for α = 1.5.
Consequently, the middle energy states considered in
Ref. [3] correspond to the many-body density of states
remarkably smaller than its maximum at energies close
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FIG. 5. Dependence of the maximum, minimum and middle
energies on the number of spins for α = 0.5 (straight lines) and
1.5 (dashed lines) for typical disordering parameter W = 1.
to zero. This is illustrated by numerical calculations of
the density of states for α = 0.5 shown in Fig. 6. A
remarkable reduction of the density of states for middle
energy states also takes place for other interactions (α =
1, 1.5).
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FIG. 6. Density of states (DoS) normalized to 1 for α = 0.5
vs. relative energy ǫ = (E −Emin)/(Emax −Emin) for typical
disordering parameter W = 1 and different numbers of spins
shown near each graph. Middle energy states with ǫ = 1/2 are
indicated by dotted line, while two dashed lines restrict the
domain corresponding to zero energies at different numbers
of particles.
It is natural to expect delocalization to be suppressed
5for states with reduced density [16, 17] in agreement with
the observations of Ref. [3]. This is illustrated in Fig. 7,
where the level statistics parameter, < r >, is shown as
the function of energy under the same conditions α = 0.5
and W = 1 as in Fig. 6. The plateau at energies close to
0 corresponding to delocalization (< r >≈ 0.53) does not
extend to the middle energy states. The average ratio re-
mains significantly smaller than the delocalization limit,
0.53, for other disordering parameters W as shown in
Fig. 8 reproducing the results of Ref. [3]. Qualitatively
similar behaviors take place for α = 1.
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FIG. 7. Level statistics, < r >, for α = 0.5 vs. relative energy
ǫ = (E−Emin)/(Emax−Emin) and absolute energy (inset) for
typical disordering parameter W = 1 and different numbers
of spins shown near each line. The middle energy states and
zero energy states are denoted similarly to Fig. 6 in the main
graph and in the reversed way in the inset.
How does one understand and interpret the delocal-
ization transition for middle energy states having re-
duced density? Enhanced localization can be naturally
expected because of the reduction in the number of acces-
sible states. A very strong enhancement of localization
under similar conditions has been found in a random en-
ergy model [16] while in a more realistic spin glass model
with binary interactions strong enhancement takes place
only below the spin glass phase transition point [17],
where the majority of spins are substantially frozen out.
As discussed below the middle energy states considered
in Ref. [3] indeed correspond to the ordered phase for
α ≤ 1.
Spin chains with long-range (α ≤ 2) ferromagnetic
interactions possess finite-temperature phase transition
with a broken symmetry resulting in one of two en-
ergy minima [22–26] (σzi = ±1 for W ≪ 1 or as σzi =
±sign(hi) for W ≫ 1).
The middle energies most probably correspond to or-
dered phases in the cases of power-law interactions for
 N=14
 N=13
 N=12
 N=11
 N=10
FIG. 8. Level statistics, < r >, for α = 0.5 for middle energy
states vs. disordering parameter W for different numbers of
spins.
α = 0.5 and 1. Indeed, the superlinear scaling of mid-
dle energies with the number of spins suggests that the
majority of spins (around 3/4) are ferromagnetically or-
dered for weak disordering, W ≪ 1, or along random
fields hi for strong disordering. Accordingly, the analy-
sis of MBL based on level statistics should be performed
with caution since the states with opposite average spin
projections are separated by macroscopic barriers. Con-
sequently, a localization criterion based on level statistics
[14] may not be applicable. This can explain why the de-
localization limit < r >≈ 0.53 is not reached for the
middle energy states for α ≤ 1.
The situation is different in the case of α = 1.5 where
middle energy states possibly correspond to a paramag-
netic phase. In this regime the localization threshold
should increase with the number of spins as Wc ∝ N1/4
according to Eq. (6). This expectation conflicts with the
statement of Ref. [3] about an apparent MBL transition
point at Wc = 6.5 which is insensitive to the number of
spins N (see Fig. 3 there and the related discussion).
To examine the system’s behavior at the crossing point
we analyzed the eigenstates at related disorder. Each
eigenstate of the problem can be represented as a super-
position of symmetrized eigenstates of Ising model |a >
with coefficients ca. The generalized participation ratio
P characterizing the number of Ising model states con-
tributed to an individual eigenstate has been evaluated as
an inverse geometric average of probabilities c2a as shown
in Fig. 9. Using these data one can conclude that the
eigenstates are composed of 2 - 4 Ising model states out
of around 1000 available states so they are substantially
localized in phase (Fock) space. Therefore, in our opin-
ion the estimate Wc = 6.5 of Ref. [3] is not related to
the true delocalization transition.
6This observation raises a general question about the
definition of the localization threshold Wc using the in-
tersection of dependencies of the average minimum ratios
< r > on disorderingW at different numbers of spins [3].
This definition is irrelevant for the present case where the
intersection clearly takes place in the localization regime.
Therefore other methods [27] might be needed in general
to determine the localization threshold.
The scaling of the level statistics parameter < r >
with the system size at smaller disordering W can pos-
sibly be interpreted using its size dependence consistent
with Eq. (6). The predicted dependenceWc ∝ N1/4, Eq.
(6), is too weak for accurate verification by finite size
scaling within the narrow domain of numbers of spins,
10 < N < 14, under consideration. This bears investiga-
tion at larger system sizes.
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FIG. 9. Participation ratio, P , for α = 1.5 vs the number of
spins at disordering parameter W = 6.5.
Partial delocalization of eigenstates in the phase space
can take place in the ordered phase for α ≤ 1 as discussed
in Ref. [17]. The analysis of the participation ratios
for middle energies in this case shows a clear signature
of delocalization for α = 1. For instance, the average
participation ratios exceed 100 for weak disorder,W < 2,
in chains of 14 spins. The deviation of the level statistics
from the Wigner Dyson behavior (< r >< 0.53 [3]) in this
case is possibly due to the weak coupling of two energy
minima σi = ±1 as discussed above.
In the case of α = 0.5 the participation ratio for
10 ≤ N ≤ 14 and all parameters W does not exceed 10
strongly indicating localization. This substantial local-
ization of eigenstates is possibly caused by already large
spin flip energies in the ordered phase increasing as N1−α
for α < 1 (
√
N for α = 1/2). This makes delocalization
more complicated; yet a preliminary qualitative analysis
similar to Ref. [2] suggests that all states should be delo-
calized in the thermodynamic limit for arbitrary disorder
W . However, the critical disorder increases less strongly
with N in the ordered phase (we estimated Wc ∝ N1/8
for α = 0.5) compared to the paramagnetic phase, Eq.
(5). Therefore numerical observation of this increase re-
quires much longer spin chains. Perhaps this trend can be
verified experimentally for spin excitations in cold atoms
[7].
IV. CONCLUSION
This comment is dedicated to the many-body local-
ization problem in systems with long-range power law
interactions 1/rα, which can be realized experimentally
in arrays of cold atoms [7–9] with different power law ex-
ponents α including α < d in d dimensional systems. It is
demonstrated that the systems with α < d inevitably de-
localize in the thermodynamic limit, similar to the earlier
investigated case d ≤ α < 2d and the modified scaling for
the critical system size (number of spins) needed for the
delocalization is suggested, Eq. (5), in the case of infinite
temperature.
The contradiction of this dimensional constraint to the
results of the recent paper [3] for the specific interacting
spin model, Eq. (1) has been examined. The results
conflict with each other for slowly decreasing interaction
α ≤ 1 because the eigenstates of the problem investigated
in Ref. [3] belong to the ordered phase while the delocal-
ization transition has been misinterpreted for α = 1.5, i.
e. the intersection of the dependencies of level statistic
parameters, < r >, on disordering,W , takes place in the
domain of strong localization as follows from the analysis
of eigenstate participation ratio. This observation raises
a general question about the relevance of this widely-used
definition of localization threshold.
In the ordered phase it is still expected that the in-
evitable delocalization of eigenstates in the Fock space
will take place in thermodynamic limit of large system
size at finite temperatures; yet its observation requires
much larger sizes than those used in Ref. [3] which are
not hitherto accessible numerically. An experimental ver-
ification of the theory in different settings (e. g. Ref.
[7]) is strongly desirable pending numerical investigations
which may not exceed N ≈ 24 for the foreseeable future.
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